We investigate theoretically the spatial quantum correlations of the light produced by spontaneous emission in type-I second-harmonic generation in the traveling-wave configuration. It is first shown that spontaneous emission occurs at both fundamental and second-harmonic frequency. Considering the quantum fluctuations of the intensities collected in symmetrical parts of the far-field plane, nonclassical correlations below the shot noise are predicted not only at fundamental frequency, but also at second-harmonic frequency. The latter cannot be traced back to any twin-photon emission mechanism, but are generated by a secondary process acting on twin photons. This mechanism also creates correlations between fundamental and second-harmonic field, at a given transverse wave number, and at opposite wave numbers. The analysis of a simplified few-mode model, on a quantum level, provides a good qualitative understanding of these correlations.
I. INTRODUCTION
The concept of twin photons is of a disarming simplicity: when, in a nonlinear ͑NL͒ optical system, an elementary process leads to the creation of pairs of distinguishable photons, these are referred to as ''twin photons.'' The simplest example is parametric down-conversion, in which photons of an intense pump beam propagating through a (2) -NL crystal can disintegrate, under conservation of energy and momentum, into pairs of photons of lower energy ͓1-3͔. Quantum mechanically, these highly correlated twin photons are described by an entangled state ͓4 -6͔, and therefore are connected with the most fundamental issues of quantum mechanics ͓7-9͔. At the same time, they turn out to have numerous technological applications in two-photon imaging ͓10͔, quantum lithography ͓11͔, quantum cryptography ͓12,13͔, quantum teleportation ͓14,15͔, and quantum computation ͓16͔.
By means of an optical resonator, one can increase the efficiency of a twin-photon generation process ͓17͔, and eventually obtain macroscopic numbers of photon pairs, generally referred to as ''twin beams.'' As a consequence of the underlying photon pair generation mechanism, the level of quantum noise in the difference of the intensities of twin beams drops below the standard quantum limit, as predicted for the nondegenerate optical parametric oscillator ͑OPO͒ ͓17-19͔ and demonstrated experimentally ͓20͔. Spatially separated twin beams, translating into two symmetrical light spots in the far field ͓21͔, have been predicted for the degenerate OPO ͓22͔, in which a pump photon may decay into two half-frequency photons propagating in opposite directions in the transverse plane, and for a vectorial Kerr model in the self-defocusing case ͓23-26͔, where two linearly polarized pump photons annihilate under creation of two counterpropagating photons with the orthogonal polarization. Close to the pump threshold, at which twin-beams build up in the optical cavity, twin photon generation is the dominant process and the correlations of the quantum fluctuations of the twin beam intensities are directly related to energy and momentum conservation. Moreover, a three-mode model ͓27,22͔, describing the coupled dynamics of the two modes associated with the twin beams and the pump mode, provides a good understanding of the quantum properties of the fields ͓25,26͔.
However, neither this simplified description of the dynamics of coupled quantum fields, nor the resulting intuitive explanation of the predicted correlations is possible in numerous situations occurring in NL optical systems, namely, when the nonlinear field dynamics couples more than three field modes. The properties of quantum correlations in the case of ''multi-mode interaction,'' which have recently attracted an increased theoretical interest, are addressed in the present paper. More specifically, we focus here on the quantum properties of traveling-wave second-harmonic generation ͑TW-SHG͒, which is probably the simplest system, in which the consequences of ''multimode interaction'' can be studied at a quantum level. As a matter of fact, the nonlinear field dynamics leads to a coupling of four radiation modes: two of them can be identified with a pair of twin photons, but now each of these modes turns out to be coupled to another radiation mode through a secondary process, which is in the case of TW-SHG a frequency up-conversion process. The consequences of this secondary process on the spatial quantum properties of the system will be the main focus of this paper.
Previous investigations of twin-beam correlations in the presence of ''multimode interaction'' have been carried out for various NL optical systems and revealed a rich phenomenology. In the OPO above threshold, the twin-beam character was found to be largely preserved, not only for pump values slightly above threshold ͓28͔, despite the increasing number of field modes displaying a macroscopic intensity ͓21,29͔, but also far above threshold, where spatially disordered structures emerge ͓30͔. On the contrary, noise sustained structures, characteristic of a convective instability ͓31,32͔, were shown to destroy any kind of twin-beam correlations ͓33͔.
A rich multimode dynamics may emerge as a consequence of a transverse variation of the pump of an OPO ͓34͔ or, as in the scalar Kerr model, of an instability leading to a hexagonal pattern ͓35͔. In the latter case, conservation laws imply a perfect noise reduction of combinations of the intensities of groups of four among the six off-axis far-field spots ͓36,37͔. The fluctuations of the intensities of individual spots, however, were shown to display the strongest correlations not at opposite wave vectors, as suggested by a naive picture based on twin-photon emission, but for those forming a 120°angle ͓38͔. In the case of a square pattern, modes associated with critical wave vectors forming an angle of /2 were even found to be anticorrelated ͓39͔. Similarly, a multimode description is necessary in the case of intracavity SHG, since at a given threshold, both fundamental and second-harmonic field may destabilize at a finite wave number, while below this threshold, only the homogeneous mode at each frequency displays a macroscopical intensity. Nonclassical correlations of the intensity fluctuations at symmetrical far-field points have been predicted not only at fundamental frequency, but also at second-harmonic frequency ͓40͔. The origin of the latter correlations, which cannot be explained in terms of twin-photon emission, since no elementary process can generate two counterpropagating second-harmonic waves, has not been so far completely elucidated.
In this paper, we consider SHG in the traveling-wave configuration and investigate the spatial quantum correlations displayed by the fields generated by spontaneous emission. As we will show, spontaneous emission in TW-SHG generates field waves with nonvanishing transverse wave vectors, both at fundamental and second-harmonic ͑SH͒ frequency. These transverse modes being originally in the vacuum state, field generation occurs ''spontaneously,'' as the result of the interaction of the vacuum fluctuations of these modes with the strong homogeneous waves at fundamental frequency ͑pumping͒ and SH frequency ͑frequency up-conversion of the pump through SHG͒. The study of the spatial quantum properties of TW-SHG presents a twofold interest: from a practical point of view, nonlinear optical systems in the single-pass configuration are interesting because their temporal and spatial bandwidths are generally much larger than the ones of their cavity counterparts. These features make them well suited for numerous applications such as quantum imaging or the generation of broadband squeezed light. In this context, some spatial aspects of TW-SHG were recently addressed in the framework of an experimental study ͓41͔, and although this work was carried out on a pure classical level, a detailed characterization of the spatial quantum properties of this system, including the spatial distribution of spontaneous emission appears to be relevant. The second motivation is of conceptual order: due to its simplicity, TW-SHG allows us to develop a clear physical picture of the origin of the diverse quantum correlations displayed by the fields, which might be useful for a better understanding of the general consequences of multimode entanglement. This paper is organized as follows. In Sec. II, the physical system under study will be briefly presented, the phenomenon of spontaneous emission defined and the underlying microscopic processes identified. These considerations will provide a basis for the construction of a minimal four-mode model, which will be analyzed on a quantum level in Sec. III. The quantum correlations present in this model constitute a valuable guideline for the understanding of the spatial correlations of the far-field intensity fluctuations in TW-SHG. The theoretical framework, based on the quantum description of the dynamics of the coupled system of fundamental and SH field in TW-SHG derived in Ref. ͓42͔, will be briefly summarized ͑Sec. IV͒. By linearizing the full nonlinear quantum propagation equations around the solution of classical nonlinear optics, we will show that quantum field propagation in TW-SHG can be described in terms of a fourmode dynamics, which couples pairs of field modes with opposite transverse wave vectors and frequency offsets at fundamental and second-harmonic frequency. As in the cavity counterpart of this system ͓40͔, this coupling results in interesting quantum correlations, including twin-beam correlations at both frequencies and cross correlations between fields at different frequencies. Expressions for all correlations of interest will be derived ͑Sec. V͒ and the results, obtained from a numerical integration of the propagation equations, presented and discussed in Sec. VI.
II. THE MODEL
The physical system we consider is a (2) nonlinear crystal in the traveling-wave configuration, pumped with a monochromatic light source at frequency . For simplicity, the pump intensity will be taken to be uniform in the transverse plane. Because of the quadratic nonlinearity of the crystal, a second-harmonic wave will be generated from the pump field and, in the general case, classical nonlinear optics predict a periodic transfer of energy between fundamental and SH field along the propagation axis ͓43͔. In the particular case of a perfect phase matching ͓i.e., if 2k F Ϫk S ϭ0, where k F (k S ) is the wave number of a wave at frequency (2) propagating in the NL crystal͔, the spatial period of these oscillations diverges and the efficiency of the frequency up-conversion of the pump increases monotonically as a function of the propagation length ͑Fig. 1͒. However, when the quantum fluctuations of the fields are taken into account, this process, at some propagation length, is reversed and the fundamental field starts being regenerated through down-conversion of the SH field ͓44͔. In the following, we will assume that the length of the crystal is much smaller than this typical length, so that the complication connected with this ''revival'' can be disregarded.
In Ref. ͓42͔, this system has been studied in the context of quantum image processing, i.e., under the assumption that, in addition to the pump field, a coherent signal, encoding the image to be processed, was injected into the NL crystal. It has been pointed out that the main peculiarity of TW-SHG, with respect to the OPA pumped at second-harmonic frequency, relies on the presence of two ''strong'' homogeneous waves inside the crystal: the pump field at frequency and the SH field at twice this frequency, generated through SHG. As in an OPA, the latter can decay into pairs of counterpropagating fundamental photons and perform phasedependent amplification or deamplification of a signal at fundamental frequency, whereas the strong fundamental wave was shown to allow for the conversion of a signal from one frequency ͑fundamental or SH͒ to the other.
Spontaneous emission, on which we focus in this paper, takes place without any coherent input signal, and is the direct manifestation of the vacuum quantum fluctuations which, as stated by quantum mechanics, enter the crystal at all temporal and spatial frequencies. As a result, the strong homogeneous SH wave can decay ''spontaneously'' into pairs of perfectly correlated twin photons,
with opposite transverse wave vectors and conjugate with respect to the fundamental frequency , as a consequence of momentum, resp. energy conservation (͓͔(q ជ ,⍀) refers to a photon at frequency ϩ⍀ and transverse wave vector q ជ , while ͓2͔(0 ជ ,0) represents an on-axis photon associated with the static homogeneous SH wave generated by SHG ͓45͔͒. In the remaining of this paper, we will only consider the properties of the outgoing fields at nonvanishing wave vectors q ជ 0 ជ , for which process ͑1͒ is a spontaneous emission process, since the modes ͓͔(Ϯq ជ ,Ϯ⍀) are originally in the vacuum state. Further, due to the presence of the ͑depleted͒ fundamental pump field, some of the twin photons produced through Eq. ͑1͒ will be up-converted, according to the frequencychanging process:
Therefore, a fluorescence field at SH frequency will be generated as well ͑Fig. 2͒. The role of the two processes ͑1͒ and ͑2͒ in the stability of plane-wave pump beams propagating through (2) NL media has been studied, on a classical level, in the temporal domain ͓46͔ and, recently, under consideration of the transverse spatial degrees of freedom ͓47͔. At the level of a quantum description, process ͑2͒, absent in an OPA, will act randomly on some of the fundamental photons generated by process ͑1͒. Whereas the output field of an OPA exclusively consists of pairs of twin photons, what translates into perfect correlations of the fluctuations of the fundamental far-field intensities collected symmetrically with respect to the optical axis ͓48͔, process ͑2͒ will be equivalent to a loss mechanism. Therefore it is expected to lead to a degradation of the correlations generated by twin-photon emission. But simultaneously, as will be demonstrated in the rest of this paper, some twin-beam features will appear in the fluorescence field at SH frequency, as well as further correlations between fundamental and SH field. This is best demonstrated by the simple few-mode model developed in the following section.
III. A SIMPLE FEW-MODE MODEL FOR TW-SHG
Before considering a full multimodal description of the quantum field propagation in TW-SHG, it can be useful to construct a minimal quantum model which includes, in the simplest possible way, the elementary processes discussed in the preceding section, i.e., twin-photon production ͑1͒ and frequency up-conversion ͑2͒, acting separately on the twin photons. This model is represented in Fig. 3 . The first part is an OPA, which generates pairs of tilted waves with opposite transverse wave vectors. For simplicity, we will only consider one pair of transverse modes ϩq ជ and Ϫq ជ with wave vectors q ជ and Ϫq ជ . In a quantum description, the OPA is characterized by the following input-output transformations: where b F,Ϯq ជ (â F,Ϯq ជ ) are the operators associated with the two considered modes in the output ͑input͒ plane of the OPA. The standard commutation relations
impose the unitarity condition
The up-conversion process ͑2͒ will be modeled by assuming that each wave generated by the OPA is injected separately into a frequency up-converter. In a quantum description, frequency conversion, in the parametric approximation ͑i.e., under the assumption of a strong undepleted pump͒, is formally equivalent to a beam splitter ͑BS͒ ͓49,50͔. Figure 4 explains this correspondence: one input port of the BS receives the incoming wave at fundamental frequency. This wave comes out with some attenuation at one of the output ports of the BS, whereas the other output is identified with the fraction of the input, which has been up-converted to SH frequency. To preserve the commutation relations of all output fields, the remaining input port of the BS has to be formally illuminated with the vacuum fluctuations entering at SH frequency. In terms of the quantum operators associated with the involved waves q ជ and 2 q ជ ͑the notations can be obtained from Figs. 3 and 4͒, up-conversion is therefore expressed by the relations ͓51͔.
with the following condition for the coefficients t and r, taken as real quantities:
For symmetry reasons, the operators associated with the waves with wave vector Ϫq ជ fulfill the same relations ͑6a͒ and ͑6b͒. Combining Eqs. ͑6͒ with Eqs. ͑3͒, we finally obtain the input-output transformations for the simple model represented in Fig. 3 :
Once the state of the incoming radiation is defined, which is here the vacuum state since we are interested in spontaneous emission, Eqs. ͑8͒ encode the full quantum statistics of the four coupled modes Ϯq ជ and 2 Ϯq ជ . In particular, this model predicts that the fluctuations of the photon numbers in the four modes are correlated. We first look for twin-beam correlations, i.e., nonclassical correlations of the photon number fluctuations in two counterpropagating modes. Introducing the operators associated with the photon number in each output mode N i,Ϯq ជ ϭê i,Ϯq ជ † ê i,Ϯq ជ , with iϭF,S, the quantity of interest is the variance of the difference N i,q ជ ϪN i,Ϫq ជ , normalized to the shot noise (Z SN ),
which may drop below the classical limit of 1 ͓Eq. ͑9͒ already takes into account the symmetry
Inserting Eq. ͑8͒ into Eq. ͑9͒, one finds after some algebra
These expressions, interestingly, do not depend on the parameters characterizing the OPA but only on those associated with the BS. The limit of a perfectly transmitting beam splitter (tϭ1 and hence rϭ0) corresponds to no up-conversion acting on the OPA output and, as expected, Eq. ͑10a͒ reduces to V FF (Ϫ) ͓q ជ ,Ϫq ជ ͔ϭ0: the correlations are perfect. In the opposite case rϭ1, the twin beams generated by the OPA are entirely up-converted to SH frequency, and hence the perfect twin-beam correlations are completely transferred to SH frequency (V SS (Ϫ) ͓q ជ ,Ϫq ជ ͔ϭ0), whereas the difference N F,q ជ ϪN F,Ϫq ជ is left with fluctuations at the shot noise level. These two limits are very similar to what occurs in intracavity SHG for very different losses at the two frequencies ͓52͔: perfect squeezing is displayed by the fundamental field, if the cavity losses at SH frequency are insignificant ͑this corresponds to an up-conversion rate close to zero for the output fields͒, whereas in the opposite case of very low losses at fundamental frequency, the squeezing moves to the SH field. This phenomenon has been also recently discussed in the context of a quantum optical dimer ͓53͔. An intermediary value of r describes a partial upconversion of the twin beams generated by the OPA, with a rate equal to r 2 . In this case, the variance V FF (Ϫ) ͓q ជ ,Ϫq ជ ͔ does not vanish any more since the up-conversion mechanism randomly breaks pairs of twin photons by up-converting one of the two photons. The noise level in the photon number difference N F,ϩq ជ ϪN F,Ϫq ជ turns out to precisely coincide with the up-conversion rate:
As already mentioned, this twin-photon pair breaking process is not purely detrimental, since it induces some degree of twin-beam correlations at SH frequency: as can be seen from Eq. ͑10b͒, V SS (Ϫ) ͓q ជ ,Ϫq ជ ͔Ͻ1. In this simple model, one observes that the twin-beam correlations at fundamental and SH frequency always sum up to 1:
These elementary considerations demonstrate that twin-beam correlations do not always imply the existence of a microscopic process leading to the pairwise production of the photons of each beam. A secondary process acting separately on each of the two twin beams is enough to generate beams with intensity fluctuations, which are correlated to better than the shot noise.
Other interesting correlations are present in this simple four-mode model. The normalized variances
characterize the correlations between the fluctuations of the photon numbers in a fundamental and SH mode, either at the same (ϩ) or at opposite wave vectors (Ϫ). Again, a simple calculation gives
These expressions deserve some comments. First considering the particular case of a balanced 50/50 beam splitter (rϭt ϭ1/ͱ2), one ends up with the following equalities:
which indeed are not surprising, since a balanced 50/50 BS distributes randomly and with a probability 1/2 the incoming photons over the two outputs. Hence, any output of one BS is equally correlated to any of the two outputs of the other BS. With respect to the perfectly correlated inputs of the two BS, this correlation is of course weaker but still nonclassical, since it corresponds to half the shot-noise level in the difference of the considered photon numbers. If we now consider the noise in the difference of the two outputs of a given BS with rϭtϭ1/ͱ2, we find the standard quantum limit V FS (Ϫ) ͓q,q͔ϭ1. This result is also a consequence of the random character of the transmission or reflection process in a BS and is known to be independent of the photon statistics of the input beam ͓54͔. In the general case ͑i.e., for an arbitrary value of r), V FS (Ϫ) ͓q,q͔ and V FS (Ϫ) ͓q,Ϫq͔ do depend on the parameter v characterizing the OPA. Inspecting Eqs. ͑14a͒ and ͑14b͒, one observes that
At first glance, this result looks paradoxical, since it states that the photon number fluctuations at fundamental and SH frequency are more correlated at opposite wave vectors than at the same wave vector. The same counterintuitive behavior had been reported in Ref.
͓40͔ in the case of type-I intracavity SHG. The equivalence of up-conversion with a BS helps to elucidate this phenomenon. From Fig. 3 , it is clear that the difference N F,ϩq ជ ϪN S,ϩq ជ is not affected by the fact that the beam injected into the up-converter is one of the two perfectly correlated twin beams. On the contrary, the quantity N F,ϩq ជ ϪN S,Ϫq ជ keeps track of the twin-photon emission taking place in the OPA: as a matter of fact, since the inputs of both BS are perfectly correlated, there is a finite probability that an outgoing fundamental photon at ϩq ជ is accompanied by a perfectly correlated SH photon at Ϫq ជ : this occurs each time the photon at ϩq ជ of a given pair produced by the OPA is transmitted while the second at Ϫq ជ is up-converted. Evaluating the noise in N F,ϩq ជ ϪN S,Ϫq ជ , the two photons of the original twin-photon pair are recombined, and this leads to a partial noise cancellation. Comparing the noise level in N F,ϩq ជ ϪN S,ϩq ជ to the one in N F,ϩq ជ ϪN S,Ϫq ជ , one finds a noise reduction of Ϫ2t 2 r 2 . This quantity can be understood by considering a twin-photon gun emitting pairs of photons at regular intervals. For a given shot, the photon at ϩq ជ may either leave the system as a fundamental photon ͑with the probability amplitude t), giving rise to the output photon numbers N F,q ϭ1 and N S,q ϭ0, or be up-converted, and in this case, N F,q ϭ0 and N S,q ϭ1. The same occurs independently at the other BS placed at Ϫq. The variances of interest can be written as
where ••• stands for the common contributions to the two variances. The two BS being independent, ͗N F,ϩq ជ •N S,Ϫq ជ ͘ on the right-hand side of Eq. ͑17b͒ can be evaluated by replacing the average of the product by the product of averages t 2 r 2 . On the other hand, the product ͗N F,ϩq ជ •N S,ϩq ជ ͘ is always zero because of photon number conservation. We obtain, as the difference between the two correlations, the result Ϫ2t 2 r 2 . Finally, we note that whereas the difference N F,ϩq ជ ϪN S,q ជ is always above shot noise ͑or at shot noise if the up-conversion rate is 1/2), the statistics of N F,ϩq ជ ϪN S,Ϫq ជ can be below this limit. This occurs if the parameter v, char-acterizing the OPA and in particular the amount of excess noise present in the individual beam injected into each upconverter, does not exceed the value 2t 2 r 2 /(t 2 Ϫr 2 ) 2 . Now, thinking in terms of the original problem of TW-SHG, two aspects are missing in this simple model: first, the fact that twin-photon emission and up-conversion take place in fact simultaneously at any point of the crystal, while the scheme represented in Fig. 3 is based on the spatial separation of these two processes. Furthermore, the multimodal nature of field dynamics in TW-SHG has been so far ignored, since a single temporal mode was taken into account. In spite of these restrictions, the study of the simplified model provides us with a valuable guideline for the detailed investigation of the correlations in the fluorescence spectrum of TW-SHG, which will be the subject of the remaining of this paper.
IV. A COMPLETE MULTIMODE QUANTUM-MECHANICAL DESCRIPTION OF SHG
A quantum-mechanical description of the dynamics of the system of fundamental and SH field coupled through the (2) nonlinearity of the crystal has been derived in Ref. ͓42͔ . In this section, we briefly review some general properties of this system and define some useful notation well suited for the study of a four-mode system. One first introduces the amplitude envelope operators A F (z,x ជ ,t) and A S (z,x ជ ,t) associated with fundamental and SH field, normalized in such a way that A F † (z,x ជ ,t)A F (z,x ជ ,t) and A S † (z,x ជ ,t)A S (z,x ជ ,t) coincide with the photon flux densities in photons per cm 2 per sec at a point x ជ on the transverse plane and at time t. z is the coordinate on the beam propagation axis. These operators fulfill the free field commutation relation:
The propagation of these quantum fields in a (2) nonlinear crystal was shown to be described by the following coupled equations ͓42͔:
where Â i (z,q ជ ,⍀) for iϭF,S is defined through the Fourier transform,
and represents the propagation corrected annihilation operator of a photon with transverse wave vector q ជ , frequency i ϩ⍀, (⍀ is the frequency offset with respect to the carrier frequency͒, and a longitudinal wave number deduced from the dispersion relation:
giving the wave number of a wave with frequency i ϩ⍀ propagating in the NL crystal under consideration. In particular, the wave numbers k i introduced in Eq. ͑20͒ are k i ϭk( i ). K is the coupling constant of the nonlinear interaction and is proportional to the nonlinear susceptibility (2) . To solve Eqs. ͑19a͒ and ͑19b͒, one usually separates the strong homogeneous fields created by the pump inside the crystal by means of the ansatz,
in which c F (z) and c S (z) are the amplitudes of these strong monochromatic waves at frequencies and 2. The product of ␦-functions encodes the assumption of a stationaries and transversally homogeneous pump. In the small fluctuation approximation, a system of two linear coupled propagation equations for the quantum operators associated with fundamental and SH field is obtained ͓42͔:
whereas the normalized amplitudes c F (z)ϭc F (z)/ͱW and c S (z)ϭc S (z)/ͱW/2, with Wϭ͉c F (0)͉ 2 ϩ2͉c S (0)͉ 2 defined as the input power injected into the nonlinear crystal, satisfy, as expected, the classical equations of nonlinear optics:
The dimensionless interaction length z is the propagation length expressed in units of z 0 ϭ1/(ͱ2WK), the characteristic length scale in phase-matched SHG. ⌬sϭ(2k F Ϫk S ) z 0 represents the dimensionless collinear phase mismatch. In the case of a vanishing phase mismatch ⌬sϭ0, the solution of Eqs. ͑23͒ is particularly simple and reads ͓43͔
where F (0) is the phase of the pump field at the input plane of the crystal, which, in the context of spontaneous emission, is irrelevant.
The propagation equations for the quantum field operators ͑22a͒ and ͑22b͒ clearly display the two types of elementary processes used in Sec. III to construct the simplified model. The first term on the rhs of Eq. ͑22a͒ couples the fundamental field amplitude â F (z,q ជ ,⍀) to â F † (z,Ϫq ជ ,Ϫ⍀) and originates in the photon down-conversion ͑1͒ of the strong SH wave generated in the crystal through SHG. Its amplitude c S (z), combined with a phase factor involving an effective phase mismatch along the beam propagation direction,
governs the efficiency of this process. The frequency changing process ͑2͒ generates a coupling of the amplitude â F (z,q ជ ,⍀) to â S (z,q ជ ,⍀), encoded through the second term on the rhs of Eq. ͑22a͒ and the rhs of Eq. ͑22b͒. The pump for this process is the depleted pump field c F (z)ϭsech(z), which appears as a prefactor, as well as a complex exponential factor involving a second effective phase mismatch
whose effect will be to limit the efficiency to a certain range of spatial and temporal frequencies. In the standard paraxial and monochromatic approximation, the effective phase mismatches,
involve one typical spatial frequency q 2 ϭͱk F /z 0 and two
being the refraction index of the crystal at frequency i ϭ (iϭF) or 2 (iϭS). ⍀ 2 and q 2 are known from the theory of the OPA to set the bandwidths for amplification/ deamplification of an input signal and squeezing at fundamental frequency ͓55͔. ⍀ 1 comes in through the first-order dependence of D (q ជ ,⍀) on ⍀, and originates in the group velocity mismatch between fundamental and SH wave ͓56͔.
As can be seen from Eqs. ͑22a͒ and ͑22b͒, it determines the bandwidth of the coupling between SH and fundamental field ͓57͔. Expressing q and ⍀ in units of q 2 and ⍀ 2 (⍀ ϭ⍀/⍀ 2 , q ϭq/q 2 ), and assuming that ⌬k/2k F Ӷ1, one ends up with the following expressions:
with ϭ⍀ 2 /⍀ 1 . In all numerical calculations, we will set ϭ4, which is compatible with the value considered in Ref.
͓56͔. In addition, we restrict our study to the normal dispersion regime, for which sgn(k F Љ )ϭ1.
Integrating Eqs. ͑22a͒ and ͑22b͒, one can express the output field operators ê i (q ជ ,⍀)ϭâ i (z L ,q ជ ,⍀) defined in the exit plane of the crystal (z L being the length of the crystal in units of z 0 ) in terms of the operators â i (q ជ ,⍀)ϭâ i (0,q ជ ,⍀) associated with the fields in the input plane. One finally obtains the following input-output transformations for the system of fundamental and SH field in TW-SHG:
which generalizes to the case of two coupled fields, the input-output transformation
describing the propagation of fundamental field in an OPA ͓55͔. Transformation ͑29͒ reflects the coupling of the four field modes associated with the waves ͓͔(q,⍀), ͓͔ (Ϫq,Ϫ⍀), ͓2͔(q,⍀), ͓2͔(Ϫq,Ϫ⍀) induced during propagation by the two microscopic processes ͑1͒ and ͑2͒. To avoid lengthy formulas, it is advantageous to introduce a vectorlike notation by defining the two-component operators a ជ (q ជ ,⍀) and a ជ † (q ជ ,⍀),
and arranging the coefficients of Eqs. ͑29͒ as
͑32͒
with iϭF,S. This allows us to rewrite the input-output transformation in the following compact way:
The eight complex coefficients of the input-output transformation ͑29a͒ and ͑29b͒ are not independent. First, the outputfield operators, like the ones characterizing the input fields, have to satisfy the free-field commutation relations:
͑34͒
This condition translates into the following relation for the coefficients:
From the requirement that operators associated with fields at different frequencies must commute ͓ê i (q ជ ,⍀),ê j (q ជ Ј,⍀Ј)͔ ϭ0, one obtains a further condition
It is worth mentioning that within this vectorial notation, Eqs. ͑35͒ and ͑36͒ for iϭ jϭF are formally identical to the relations fulfilled by the coefficients of the input-output transformation ͑30͒ for the OPA and used in Ref. ͓48͔. Finally, from energy-momentum conservation, another relation can be derived:
͑37͒
Analytical expressions for the coefficients of the two-field input-output transformation are available so far only for q ϭ0 and ⍀ϭ0 ͓57͔. In the case of arbitrary values of spatial and temporal frequency, no analytical solution of the propagation equations is known, and the results presented in Sec. VI were obtained by means of a numerical integration of Eqs. ͑22a͒ and ͑22b͒ ͓42͔.
V. CORRELATIONS IN SECOND-HARMONIC GENERATION
The general structure of the input-output transformation ͑29a͒ and ͑29b͒ indicates the presence of quantum correlations within any four-mode subsystem built by two fundamental modes with opposite transverse wave vectors q ជ and Ϫq ជ and frequencies ϩ⍀ and Ϫ⍀, and two SH modes at the same wave vectors and frequencies 2ϩ⍀ and 2 Ϫ⍀. These correlations originate in the microscopic processes ͑1͒ and (2): the first correlates the modes ͓͔(q,⍀) and ͓͔(Ϫq,Ϫ⍀) associated to a pair of twin photons, whereas the latter induces population exchanges between the modes ͓͔(q,⍀) and ͓2͔(q,⍀), resp. ͓͔(Ϫq,Ϫ⍀) and ͓2͔(Ϫq,Ϫ⍀) via sum-frequency mixing with an on-axis pump photon ͓͔(0,0) ͓47,58͔. However, the strength of these correlations depends on q ជ and ⍀ in a way which is essentially determined by the phase-mismatch functions ⌬ (q ជ ,⍀) and D (q ជ ,⍀) ͓Eqs. ͑28a͒ and ͑28b͔͒. One manifestation of these quantum correlations is the existence of correlations in the fluctuations of the intensities at both frequencies measured in symmetrical portions of the far-field plane ͓59͔. The experimental setup, which would allow us to measure these correlations, is sketched in Fig. 5 .
The fluorescence field is imaged on the detection plane by means of a one-lens-imaging system. As stated by standard results of classical optics, the field on the detection plane E i (x ជ ,t) is the spatial Fourier transform of the output field
where ê i (k ជ ,t) represents the quantum operator associated with an outgoing wave with frequency i and wave vector k ជ at time t. Therefore, the lens images an outgoing plane wave with transverse wave vector q ជ at a point x ជ i ϭ( f /k i )q ជ of the detection plane, f being the focal length of the lens. Since the position of this point depends on the wavelength under consideration, the far-field intensities at fundamental and SH frequency for a given wave vector can be detected in a single measurement. In the case of perfect phase matching, an array of four detectors placed at x ជ F , Ϫx ជ F ,x ជ F /2,Ϫx ជ F /2, with x ជ F ϭ( f /k F )q ជ , would allow us to measure simultaneously the intensity of fundamental and SH mode at transverse wave vectors q ជ and Ϫq ជ and to determine experimentally the correlations of interest. Assuming for simplicity a perfect quantum efficiency of the detectors, the measured quantities can be expressed in terms of the operators associated with the number of outgoing photons: The time integration accounts for a finite acquisition time d , and the size of the detector in real space is modeled by integrating the local intensity over a surface (q) of area d centered on an average wave number q. Going to time frequencies, expression ͑39͒ reads
where the function
encodes the information about the finite time measurement. The field operators involved in Eq. ͑40͒ are defined by Eqs. ͑29͒, while it is assumed that the detection area (q) does not contain the direction of the optical axis qϭ0, so that the coherent field components do not impinge on the detector. The correlations of the intensity fluctuations are encoded in the following shot-noise normalized variances:
͑42͒
with i, jϭF,S, ⑀ϭϮ and ϭϮ ͑The notation ͗•••͘ denotes vacuum expectation values ͓60͔.͒ More specifically, correlations between counterpropagating modes of each field will be addressed by setting iϭ j, while cross correlations connecting modes of fields at different frequencies correspond to i j. The parameter is ϩ1, if the far-field correlations at a given wave vector are investigated, or Ϫ1 at opposite wave vectors. Finally, ⑀ϭ1 corresponds to evaluating the noise level in the sum of the photon intensities, whereas in the case ⑀ϭϪ1 the noise in the intensity difference will be computed. To express variances ͑42͒ in terms of the coefficients of input-output transformation ͑29͒, we first define the unnormalized correlation function:
where the photon number variance
can be rewritten as
͑45͒
Making use of the free-field commutation relations ͑34͒, expression ͑45͒ can be converted into a normal ordered expression, the extra terms corresponding to the associated shotnoise level:
Before inserting Eq. ͑33͒ into Eqs. ͑45͒ and ͑46͒, we make the following simplifying assumptions: first we assume that the acquisition time is much larger than the two time scales ⍀ 2 Ϫ1 and ⍀ 1 Ϫ1 associated with the two microscopic processes of photon down-conversion and up-conversion. Furthermore, we consider detectors which are small enough, so that the variations of the fields on the detection area can be neglected. After some bosonic operator algebra, we end up with the following expressions:
͑48͒
The presence of the divergent factor ␦ (2) (0 ជ ) in both expressions can be traced back to the assumption of a crystal with infinite transverse dimensions. As shown in Ref. ͓61͔, a natural way to regularize this divergence consists of placing a pupil in the output plane of the nonlinear crystal. Under certain additional assumptions, this procedure merely amounts in replacing ␦ (2) (0 ជ ) by a factor S p / 2 f 2 , depending on S p , the area of the pupil. Defining the few following integrals, which will be evaluated numerically
the variances of interest can be expressed as follows:
Recalling definition ͑42͒, V FF (ϩ) (q,q) and V SS (ϩ) (q,q) characterize the statistics of the individual photocurrents at fundamental and SH frequency, V ii (Ϫ) (q,Ϫq) being the twin-beam correlations at each frequency, while V FS (⑀) (q,Ϯq) allows to detect the presence of correlations in the fluctuations of the intensities at the two frequencies either at the same wave vector (ϩ), or at opposite wave vectors (Ϫ). Finally, it should be pointed out that these expressions were derived for nonvanishing transverse wave vectors. The special case of the correlations at zero transverse wave vector, for which the coherent component of the fields gives rise to additional contributions to the variances of interest, has been treated in Ref.
͓62͔ and will not be considered here.
VI. RESULTS
We first investigate the distribution of fluorescence field in the transverse plane. The mean intensities at fundamental and SH frequency, proportional to the integrals I F (q) and I S (q) defined by Eq. ͑49a͒, are plotted as a function of the transverse wave number ͑Fig. 6͒. One immediately notes that fluorescence emission at SH frequency is much weaker than at fundamental frequency. In the region of efficient spontaneous emission, typical values of the ratio N S (q)/N F (q) are of the order of magnitude of 0.1. This low value can be traced back to the fact that twin-photon emission mainly occurs in the region of the crystal where the SH homogeneous wave is strong. But there, the fundamental pump field, which acts as a pump also for the up-conversion process, is strongly depleted ͑Fig. 1͒ and therefore, the conversion of the fluorescence field from up to 2 is not efficient. At first sight, it seems surprising that the profile of the transverse distribution of fluorescence field at fundamental frequency shows a maximum at a finite transverse wave number. One would rather expect, in the perfect phase-matched case, the spontaneous emission to be strongest when both twin photons are emitted collinearly in the pump beam direction, as predicted and demonstrated experimentally for the type I OPA ͓63͔. The effect observed here is a consequence of the variation of the temporal bandwidth of photon down-conversion with the transverse wave number. To see this, we start from the propagation equation for the fundamental field, Eq. ͑22a͒, in which we neglect the contribution coming from the copropagating SH field. This approximation is justified by the different magnitudes of spontaneous emission at fundamental and SH frequency ͑see Fig. 6͒ . One is left with an equation
which describes an OPA with a z-dependent pump. ͑From now on, in order to simplify the notation, we will omit the ''tildes'' above the dimensionless quantities and the arrows above the wave vectors.͒ The effective phase mismatch ⌬(q ជ ,⍀) being responsible for an oscillatory phase modulation on the rhs of Eq. ͑51͒, the production of pairs of fundamental photons with frequencies (q,⍀) and (Ϫq,Ϫ⍀) should be the most efficient if the condition ⌬(q,⍀)ϭ0 is fulfilled. This clearly appears in the case of the OPA in the undepleted pump approximation ͓55,63͔, for which V ជ F *(q,⍀)•V ជ F (q,⍀), which can be identified with the spectral density of spontaneous emission at fundamental frequency, can be calculated analytically:
͑52͒
In Ref. ͓63͔, the fluorescence spectrum was investigated at degeneracy, i.e., for ⍀ϭ0. Experimentally this was achieved by putting a monochromator in front of the detector and, in FIG. 6 . Mean intensities of spontaneous emission at fundamental ͑a͒ and SH frequency ͑b͒ as a function of the transverse wave number. Interaction length: zϭ1.5 ͑dotted line͒ and zϭ2 ͑solid line͒, corresponding to 82% (zϭ1.5), resp. 93% (zϭ2) SHG efficiency.
this case, the effective phase mismatch ⌬(q,⍀ϭ0) indeed vanishes at qϭ0, giving a maximal spontaneous emission along the beam axis. Here, we consider the whole fluorescence spectrum, i.e., integrating over all temporal frequencies. The upper plot of Fig. 7 represents the spectral density of spontaneous emission at fundamental frequency as a function of the frequency offset ⍀. As in the case of the OPA in the undepleted pump approximation, for a given value of q, V ជ F *(q,⍀)•V ជ F (q,⍀) is essentially nonzero if ⍀ is inside a region formed by two intervals centered on ϩq and Ϫq, which precisely ensure that ⌬(q,⍀)ϭ0. Starting from q ϭ0, for which the two intervals perfectly overlap, the width of this region, in terms of ⍀, first increases with q, until the two intervals around ϩq and Ϫq start to be separated by a central region of low spectral density. Further increasing q leads again to a reduction of the total width of the region of effective spontaneous emission, since it scales like 1/q, as shown by a elementary inspection of Eq. ͑28a͒. Considering Eq. ͑52͒ reveals that this bandwidth is inversely proportional to the square root of the propagation length z. As a consequence, the maximum of the fluorescence spectrum is shifted to smaller wave numbers, when the propagation length increases, as can be seen from Fig. 6 .
No similar behavior is observed in the fluorescence spectrum at SH frequency which instead shows a plateau at small q, followed by a monotonous decrease. To understand this behavior, it is again useful to consider the corresponding spectral density V ជ S *(q,⍀)•V ជ S (q,⍀) ͑lower panel of Fig. 7͒ , which reveals an interesting structure: four peaks can be distinguished. Two of them are located at ⍀ϭϮq, and coincide with the maxima of the spectral density of emission at fundamental frequency. This is consistent with the expectation that a maximal twin-photon emission should translate into an enhancement of fluorescence at SH frequency. However, two additional peaks are present, one of them being the dominant contribution to spontaneous emission at 2. A closer inspection reveals that these peaks are centered around two frequencies
which fulfill the condition:
i.e., for which the two effective phase mismatches defined by Eqs. ͑28a͒ and ͑28b͒ coincide. Coming back to the coupled propagation equations ͑22a͒ and ͑22b͒, condition ͑54͒ implies that up-conversion is perfectly phase matched with twin-photon emission at any point of the crystal. Obviously, this gives the condition for an optimal conversion of the spontaneously generated fundamental field up to SH frequency. This conclusion is consistent with recent results of a numerical study of colored conical emission in SHG ͓47͔. As a consequence of the group velocity mismatch between fundamental and SH field, ⍀ ϩ max and ⍀ Ϫ max are not symmetrical with respect to the origin. Since ͉⌬(q,⍀ ϩ max )͉ Ͻ͉⌬(q,⍀ Ϫ max )͉, the twin-photon emission is less efficient at (q,⍀ Ϫ max ) than at (q,⍀ ϩ max ) and, as a result, the spectral density V ជ S *(q,⍀)•V ជ S (q,⍀) shows a higher peak at ⍀ ϩ max than at ⍀ Ϫ max . At small q the peaks at ⍀ ϩ max and at q roughly coincide, resulting in the plateau in Fig. 7 . When q increases, the region of maximal SH fluorescence is shifted towards higher frequencies, as predicted by Eq. ͑53͒, with a strong decrease of the maximum value of the spectral density. As a consequence, the intensity of the SH fluorescence field rapidly drops to zero at higher transverse wave numbers.
As next, the statistics of the individual currents are briefly investigated. The normalized photon number variances ͑50a͒ can be rewritten using identity ͑35͒ as
and, since the fraction is positive, the individual photocurrents are always superpoissonian. Taking into account the peak structure of both spectral densities, Eq. ͑55͒ can be approximated as
where (V ជ i *(q,⍀)•V ជ i (q,⍀))͉ max is the maximum value of the spectral density with respect to ⍀ for a given q and ␣ is a numerical factor depending on the specific shape of the peaks. The noise level in the individual current is hence essentially determined by the maximal value of the spectral density, which characterizes the strength of the amplification of the vacuum fluctuations in the mode with frequencies (⍀,q). These quantities have been plotted in Fig. 8 as a function of the transverse wave number.
At fundamental frequency, the amount of excess noise is almost independent of the transverse wave number, and Eq. ͑56͒ shows that this property is due to the fact that changing the value of the wave number does not affect the maximum value of the spectral density ͑see Fig. 7͒ . Again, this is not true at SH frequency, for which a higher wave number translates into a lower maximal spectral density of fluorescence and hence a noise level closer to the shot noise.
The interesting feature of the fluorescence field of an OPA, as pointed out in Ref. ͓48͔, relies on the fact that although the individual photocurrents collected in two symmetrical parts of the far-field plane can be both well above the shot noise, they show perfectly correlated quantum fluctuations. In the case of TW-SHG, the photon up-conversion mechanism deteriorates the correlations between the fluctuations of N F (q) and N F (Ϫq), and gives rise to a finite level of quantum noise in the difference N F (q)ϪN F (Ϫq). This quantity has been plotted in Fig. 9 , together with the upconversion rate for comparison. Whereas in the simplified model, these two quantities were shown to exactly coincide ͓see Eq. ͑11͔͒, we observe that in TW-SHG the noise level in the difference N F (q)ϪN F (Ϫq) is below the up-conversion rate, i.e., the deterioration of the twin-beam correlations is less pronounced than predicted by the simplified model. As already pointed out, in TW-SHG, twin photon production and up-conversion take place simultaneously. This mixing implies that TW-SHG, instead of the simplified model represented in Fig. 3 , is more similar to a cascade of many of those simplified models. The difference is that what enters into each BS at SH frequency, instead of being the vacuum fluctuations ͑Fig. 3͒, is in fact the output of the previous ''simplified model'' in the cascade, and hence already contains some twin-beam correlations. Therefore it seems reasonable that spatial mixing finally generates ''more correlations'' than if the two processes were spatially separated. Increasing the transverse wave number, the up-conversion becomes less efficient and therefore, the deterioration of the perfect twin beam correlations at fundamental frequency is less pronounced. A similar effect occurs when the propagation length increases ͑Fig. 9͒: in this case, the intensity of spontaneous emission at fundamental frequency increases faster than the one at SH frequency and the degradation of the twin-beam correlations is again reduced.
As far as the presence of twin-beam correlations at SH frequency is concerned, the noise level in the difference N S (q)ϪN S (Ϫq), plotted in Fig. 10 , is clearly below the shot noise: the partial up-conversion of the twin photons generated at fundamental frequency transfers a part of the twinbeam correlations up to SH frequency. As can easily be checked, Var"N S (q)ϪN S (Ϫq)…/Z SN is below the value of the ratio ͗N F (q)͘/(͗N F (q)͘ϩ͗N S (q)͘), and therefore the simplified model underestimates the amount of twin-beam correlations present at SH frequency.
Finally, we looked for spatial correlations between the two fields. The noise levels in the sum and the difference of the two photocurrents at the same far-field point N F (q) ϮN S (q) and at symmetric points N F (q)ϮN S (Ϫq) are shown in Fig. 11 . Similarly to what was observed in the cavity case ͓40͔, the fluctuations of the intensities N F (q) and N S (Ϫq) turn out to be more strongly correlated than the intensities at the same far-field point N F (q) and N S (q). As developed in Sec. III, this observation finds a simple explanation in terms of partial noise cancellation from the recombination of those twin-photon pairs, which were broken Plotting the corresponding noise levels, as always normalized to the shot noise, as a function of the scaling parameter ͑Fig. 12͒, we find that for a proper choice of the parameter , the quantity N F (ϩq)ϩN S (Ϫq) indeed drops below the shot noise, revealing the presence of correlations of nonclassical nature between the two fields at opposite wave numbers, whereas N F (ϩq)ϩN S (ϩq) is at best slightly above the shot noise. Figure 13 shows the value of the noise level in N F (q)ϩN S (Ϯq), minimized for each wave number with respect to ͓65͔.
It can be interesting to carry out the same optimization procedure in the case of the simplified model considered in Sec. III, and we found the following analytical results:
the last expression being derived under the simplifying assumption that vӷ1. The noise level in a linear combination of both outputs at a given wave vector is at best given by the shot-noise level, whereas the fluctuations in a linear combination of N F,ϩq ជ and N S,Ϫq ជ can drop below this limit, the difference Ϫ2t 2 r 2 being precisely the amount of noise cancellation coming from twin-photon pair recombination. In both cases, the value of min which minimizes the noise level is given by Ϫt 2 /r 2 and coincides with the intensity ratio ͗N F,q ͘/͗N S,q ͘. This simple result corroborates the interpretation of min as a factor which compensates the difference between the average values of the involved currents, whereas the negative sign of min means that the currents have to be substracted from each other. Coming back to the full multimode calculation, the optimal value min can be easily calculated in terms of the different integrals defined by Eqs. ͑49͒, and has been plotted in Fig FIG. 14. Value of the parameter , which minimizes the cross correlation at the same wave vector ͑a͒ and ratio of the intensities at fundamental and SH frequency ͑b͒. Interaction length: zϭ1.5 ͑dot-ted line͒ and zϭ2 ͑solid line͒.
to be below the shot-noise level ͓Eq. ͑57b͔͒, the full calculation shows that above a certain propagation length, this variance remains above the shot noise. This is connected to the fact that N F (q)ϩ min N S (q) displays some excess noise at small transverse wave numbers, missed in the simplified model, which increases with the propagation length. As a result, for larger propagation lengths, the partial noise cancellation present in N F (q)ϩ min N S (Ϫq) is not able to compensate this excess noise and this quantity remains above shot noise. However, the optimization procedure presented here allows a substantial reduction of the noise level in the difference of intensity of the two fields with respect to the equally weighted difference of photocurrents.
VII. CONCLUSION
In this paper, we investigated the properties of the fluorescence field generated by phase matched second-harmonic generation in the traveling-wave configuration. It was first shown that spontaneous emission leads to the generation of fluorescence field at fundamental and SH frequency, as the result of two different mechanisms: first the strong SH wave generated from the pump field through SHG decays into pairs of twin photons. Subsequently, this fluorescence field may undergo a partial up-conversion triggered by the strongly depleted pump field at fundamental frequency, and gives rise to the fluorescence field at SH frequency. However, in the case of phase-matched SHG, the depletion of the pump implies that this field distribution always remains much weaker than the fluorescence field at fundamental frequency. We studied the transverse far-field intensity distribution at each frequency and explained the results in terms of the spectral density of spontaneous emission at each frequency. We then focused on the study of the spatial quantum correlations in the fluctuations of the far-field intensities. We found that the intensity of the fluorescence field at fundamental frequency collected in symmetrical portions of the far-field plane displays very strongly correlated fluctuations. Unlike the OPA, the noise level in the difference is not rigorously vanishing, but is found to be approximately given by the up-conversion rate at the wave number considered. Twinbeam correlations were also predicted at SH frequency. The originality of these correlations is that they cannot be traced back to a twin-photon emission process. The emergence of these nonclassical correlations originates from the fact that the considered beams are the result of a secondary process acting on twin beams, and hence display some correlations present in the field from which they are generated. Other interesting correlations were predicted between the fluctuations of the intensities of fundamental and SH field either at the same transverse wave vector, or at opposite wave vectors. These cross correlations, interestingly, were found to be stronger when the intensities are compared at opposite farfield points than at the same point. We showed that these counterintuitive features could be understood in terms of partial noise cancellation due to the recombination of twinphoton pairs broken by the secondary process. This was illustrated from a qualitative point of view by considering a simplified few-mode model based on the formal equivalence between up-conversion and beam splitters. This approach could be useful to understand the quantum correlations in other optical systems, in which twin-photon emission competes with secondary processes. In particular, these considerations could be also adapted to the cavity configuration.
